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In a sector of fixed topological charge, the chiral condensate has a discontinuity given by the
Banks-Casher formula also in the case of one-flavor QCD. However, at fixed θ -angle, the chiral
condensate remains constant when the quark mass crosses zero. To reconcile these contradictory
observations, we have evaluated the spectral density of one-flavor QCD at θ = 0. For negative
quark mass, it becomes a strongly oscillating function with a period that scales as the inverse
space-time volume and an amplitude that increases exponentially with the space-time volume. As
we have learned from QCD at nonzero chemical potential, if this is the case, an alternative to
the Banks-Casher formula applies, and as we will demonstrate in this talk, for one-flavor QCD
this results in a continuous chiral condensate. A special role is played by the topological zero
modes which have to be taken into account exactly in order to get a finite chiral condensate in the
thermodynamic limit.
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Figure 1: Behavior of the chiral condensate at fixed θ -angle for N f = 1 (left) and N f = 2 (right).
1. Introduction
In one-flavor QCD, the chiral condensate is continuous as a function of the quark mass despite
the fact that the eigenvalues of the Dirac operator become dense on the imaginary axis in the
thermodynamic limit. This contradicts a naive application of the Banks-Casher formula [1]. As
was already observed before [2, 3], the resolution of this paradox is that for negative quark mass the
partition function is not positive definite which, as we will see today, results in a strongly oscillating
spectral density which cancels the discontinuity of the sign-quenched theory (i.e., the theory in
which the determinant of the Dirac operator is replaced by its absolute value). This mechanism is
reminiscent of the solution to the Silver Blaze problem [4] for QCD at nonzero chemical potential
[5]. In that case the chiral condensate of the phase-quenched theory does not have a discontinuity,
but the phase of the fermion determinant results in a strongly oscillating spectral density which
cancels the contribution from the phase-quenched theory and gives rise to a discontinuity in the
chiral condensate. The original motivation of the present work was to improve our understanding
of this relationship between the spectral density and the chiral condensate.
In this talk we explain how the chiral condensate of one-flavor QCD can remain constant when
the quark mass traverses zero, while for each gauge-field configuration the eigenvalues of the Dirac
operator are spaced on average as 1/V , where V is the space-time volume. We do this in the
microscopic domain of QCD where all expressions can be worked out analytically.
2. Formulation of the Problem
The mass dependence of the chiral condensate of the one-flavor theory is drastically different
from the two-flavor theory. In the two-flavor theory, the chiral condensate has a discontinuity at
m= 0 while for N f = 1 it remains constant, see Fig. 1. The chiral condensate is defined as
Σ(m) =−〈q¯q〉= 1
V
d
dm
logZ(m) , (2.1)
where V is taken to be large and the quark mass satisfies ∆λ  m ΛQCD with ∆λ the average
spacing of the eigenvalues. The discontinuity of Σ(m) in the thermodynamic limit is a consequence
of the spontaneous breaking of chiral symmetry, which does not happen for one-flavor QCD.
It has been well established that at fixed topological charge the low-lying eigenvalues of one-
flavor QCD are described by chiral random matrix theory [7, 8, 9, 10]. As an example, we show
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Figure 2: Distribution of the lowest two Dirac eigenvalues for QCD with one flavor compared to the results
from chiral random matrix theory (solid curves). Taken from [6].
in Fig. 2 distributions of individual eigenvalues obtained from lattice studies [6]. We emphasize
that the smallest Dirac eigenvalues of one-flavor QCD behave in exactly the same way as the Dirac
spectrum of QCD and QCD-like theories with spontaneously broken chiral symmetry. If we know
the spectral density we can calculate the chiral condensate according to
Σ(m) =
〈
1
V ∑k
1
iλk+m
〉
=
1
V
∫
dλ
ρ(λ ,m)
iλ +m
, (2.2)
which is valid both at fixed ν and at fixed θ . The Banks-Casher formula [1] is obtained in the limit
m→ 0,
Σ(m→ 0) = sign(m) lim
λ→0
lim
m→0
lim
V→∞
pi
V
〈ρ(λ ,m)〉 . (2.3)
A continuous chiral condensate could be obtained if ρ(λ ,0−) = −ρ(λ ,0+) for λ → 0 or if
ρ(λ ,m) = 0 for small λ and m→ 0 [13, 14], but we will show that what is going on is more
subtle. In Fig. 3 (left) we show the mass dependence of the chiral condensate for ν = 2 as a
function of mV . For m< 0, the negative parts of Σν(m) in the sum
Σ(m,θ = 0) = ∑
∞
ν=−∞Zν(m)Σν(m)
∑∞ν=−∞Zν(m)
, (2.4)
where Zν(m) = Iν(mV ), should average to a positive number and reproduce the mass dependence
shown in the right part of Fig. 3. This is actually possible because
Zν(−|m|)∼ (−1)ν |m|ν (2.5)
for small |m|. The condensate Σ(m,θ = 0) follows from the spectral density at θ = 0,
ρ(λ ,m,θ = 0) = ∑
∞
ν=−∞Zν(m)ρν(λ ,m)
∑∞ν=−∞Zν(m)
. (2.6)
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Figure 3: Mass dependence of the chiral condensate due to the nonzero modes for ν = 2 (left) and mass
dependence of the chiral condensate at θ = 0 (right). Note that Σνnz(mV ) = Σν(mV )− |ν |mV . If plotted as a
function of m, the left curve becomes a step function for V → ∞.
This spectral density has been evaluated numerically in the ε-domain of QCD [11, 3], but to rec-
oncile the behavior of the chiral condensate at fixed ν with the mass independence of the chiral
condensate at θ = 0 we need explicit analytical expressions for the spectral density. As was dis-
cussed in the introduction, we have learned from QCD at nonzero chemical potential that when the
eigenvalue density is not positive definite (due to the fermion determinant), the OSV mechanism
[5] replaces the Banks-Casher formula. Let us see how this works for N f = 1.
In Fig. 4 we compare the mass dependence of the chiral condensate in the sign-quenched one-
flavor theory (left) with the mass dependence of the chiral condensate in the full theory (right),
both at θ = 0. These figures imply that the phase factor (−1)ν should give a correction to the spec-
tral density (including the zero-mode part) that contributes to the chiral condensate as Σosc(m)+
Σδzm(m) = 2θ(−m) (see (3.2) for the notation) so that the total chiral condensate remains constant
as a function of m, see Fig. 5. The oscillating part of the spectral density thus has to satisfy
2θ(−m) =
∫
dλ
ρosc(λ ,m)+ρδzm(λ ,m)
iλ +m
. (2.7)
One hint for the solution to this equation comes from the Fourier decomposition of the θ -function,
θ(m) =
1
2pii
∫ ∞
−∞
dτ
eiτ+m
τ− im . (2.8)
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Figure 4: Behavior of the chiral condensate at θ = 0 due to a line of eigenvalues for the sign-quenched
theory (left) and for the full one-flavor theory (right).
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Figure 5: Mass dependence of the chiral condensate due to the oscillating part of the spectral density and
the zero modes (left). When the contribution of the sign-quenched part of the spectral density is added the
condensate is constant (right).
As an example, it is a simple exercise to show that the spectral density
ρex(λ ,m) =− 1pi
(
eiλV−mV + e−iλV−mV
)
(2.9)
(which is even in λ ) results in a mass dependence of the chiral condensate given by
− 1
pi
∫ ∞
−∞
dλ
1
iλ +m
(
eiλV−mV + e−iλV−mV
)
= 2θ(−m)−2θ(m)e−2mV . (2.10)
In the thermodynamic limit this results in a continuous chiral condensate. However, for N f = 1
we have a stronger requirement, namely that the chiral condensate is already mass independent for
mV ∼ O(1), which is not the case in the example above. Let us therefore calculate the spectral
density for one-flavor QCD.
3. Spectral Density and Chiral Condensate for One-Flavor QCD
In the microscopic domain of QCD, where the quark mass and the Dirac eigenvalues scale as
m∼ 1
V
, λ ∼ 1
V
, (3.1)
the spectral density at fixed ν is known analytically [9]. The one-flavor spectral density at θ = 0
can be decomposed in different ways,
ρ(λ ,m,θ = 0) =
{
ρzm(λ ,m)+ρnz(λ ,m) ,
ρsq(λ ,m)+ρosc(λ ,m)+ρδzm(λ ,m) ,
(3.2)
where the subscripts stand for zero modes, nonzero modes, sign-quenched, oscillating, and the
difference in the zero-mode density between full and sign-quenched theory. We have
ρsq(λ ,m) = ρ(λ , |m|) ,
ρosc(λ ,m) = ρnz(λ ,m)−ρnz(λ , |m|) , (3.3)
ρδzm(λ ,m) = ρzm(λ ,m)−ρzm(λ , |m|) .
5
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Figure 6: The sign-quenched (left) and oscillating part (right) of the spectral density at θ = 0 as a function
of xˆ and the quark mass mˆ.
Note that in Ref. [12] we used a different decomposition with ρˆnz(λ ,m) = ρˆq(λ ,m)+ ρˆd(λ ,m),
but the decomposition (3.2) is more intuitive. The sum (2.6) over ν for each of the terms can be
evaluated using identities for sums of products of Bessel functions (see [12]),
ρˆzm(xˆ, mˆ) = e−mˆ∑
ν
|ν |Iν(mˆ)δ (xˆ) = mˆe−mˆ[I0(mˆ)+ I1(mˆ)]δ (xˆ) , (3.4)
ρˆnz(xˆ, mˆ) =
1
pi
∫ 1
0
e−2mˆt2dt√
1− t2
[
J1(2|xˆ|t)
t
− 2|xˆ|
xˆ2+ mˆ2
[
xˆtJ1(2xˆt)+ mˆ(1−2t2)J0(2xˆt)
]]
(3.5)
with xˆ = λV and mˆ = mV . In Fig. 6 we show three-dimensional plots of ρˆsq(xˆ, mˆ) (left) and
ρˆosc(xˆ, mˆ) (right). For m> 0 we trivially have ρˆosc = 0, but for m< 0 we observe strong oscillations.
The chiral condensate can be obtained by integration over the spectral density, see Eq. (2.2).
For each of the contributions to the spectral density this results in an expression given by a simple
one-dimensional integral involving modified Bessel functions. Writing Σ(m) = Σsq(m)+Σosc(m)+
Σδzm(m), the explicit expressions for these three terms follow immediately from the expressions
for Σzm, Σq, and Σd in [12]. We observe that Σsq(m) is given by Fig. 4 (left), while for m < 0,
Σosc(m) diverges in the thermodynamic limit as
− e
2|mV |√
8pi|mV |3 . (3.6)
This divergence is canceled by a similar contribution from the difference in the zero-mode density
[3], see Fig. 7. Using the exact expressions we can show that the cancellations take place to all
orders [12] and that we obtain Fig. 5 (left) as required. This can be done analytically by expressing
the integrand in terms of total derivatives [12].
4. Conclusions
We have obtained exact analytical expressions for the spectral density of one-flavor QCD
at θ = 0. For negative quark mass the spectral density becomes strongly oscillating, and after
canceling a divergent contribution from the zero modes we find a chiral condensate that does not
6
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Figure 7: The exponentially large contribution of the difference in the zero-modes density (blue) is canceled
by the contribution of the oscillating part of the spectral density (green). The sum of the two contributions
is given by the red curve. Note that the curves are plotted as a function of mˆ= mV .
depend on the quark mass. That a strongly oscillating contribution to the spectral density can
result in a discontinuity of the chiral condensate was first observed for QCD at nonzero chemical
potential. What is different for one-flavor QCD is that the discontinuity of the sign-quenched
condensate is canceled by a discontinuity due to the oscillatory part of the spectral density and the
difference in the zero-mode density. An additional subtlety is that the oscillatory part cancels a
divergent contribution due to the zero modes.
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